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ABSTRACT 


In  this  paper,  we  consider  a  new  kind  of  free  boundary  problem  related  to 
the  investigation  of  the  structure  of  discontinuous  solutions  of  degenerate 
quasilinear  parabolic  equations .  A  thorough  treatment  is  given  for  the 
following  special  cases: 


9u 

at 


(m  >  1)  , 


U '  x=X (t) 


0  , 


m 

=  ctX'(t)  , 

(a  <  0 ,  F  >  0  -  const. ) 

=  B  , 

which  can  be  reduced  to  a  problem  in  ordinary  differential  equations  with  a 
certain  singularity. 


o  u 
3x 


x=A (t ) 
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SIGNIFICANCE  AND  EXPLANATION 

This  paper  is  concerned  with  a  free  boundary  problem  which  arises  in  the 
study  of  a  class  of  degenerate  parabolic  equations*  A  thorough  treatment  is 
given  for  a  special  case  which  can  be  reduced  to  a  problem  in  ordinary 
differential  equations  upon  introduction  of  the  appropriate  similarity 
variable*  Beyond  its  inherent  interest,  the  solvability  of  the  resulting 
problem  establishes  that  an  analysis  by  Vol’pert  and  Hudjaev  of  jump 
conditions  satisfied  by  solutions  of  degenerate  parabolic  equations  is  not 
correct  in  general* 

i  ^ , 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MBC,  and  not  with  the  author  of  this  report. 
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A  FREE  BOUNDARY  PROBLEM  FOR  DEGENERATE  QUASILINEAR  PARABOLIC  EQUATIONS 

Zhuoqun  Wu 


§1.  Introduction 

In  this  paper,  we  are  concerned  with  a  free  boundary  problem  for  quasilinear 
equations  of  the  form 


(1.1) 


3u 

at 


32A(u ) 
3x2 


with 


A*(u)  *  a(u)  >  0  . 

Our  problem  arises,  in  particular,  from  the  investigation  of  the  structure  of 
discontinuous  solutions  of  equation  (1.1).  It  is  shown  in  [1]  that  discontinuity  occurs 
in  a  generalized  solution  only  if  there  exists  an  interval  (uj,u2)  such  that 

a(u)  *  0  for  u  e  (u^,u2)  . 

Things  are  simple  if  the  initial  data 


<1*2)  u|t=0  =  uo<x) 

happen  to  either  fall  in  an  interval  where  a(u)  >  0  or  fall  in  an  interval  where 
a(u)  =  0.  What  we  need  to  investigate  is  the  case  that  a(ug(x))  >  0  for  some  x 
a(Ug(x))  ■  0  for  some  other  x.  The  following  situation  seems  to  be  typical: 

a(u)  »  0  for  u  <  0  and  a(u)  >  0  for  u  >  0 


(1.3) 


and 


uQ(x)  <  0  for  x  <  0  and  uQ(x)  >  0  for  x  >  0  . 

In  tnis  case,  one  could  conjecture  that  the  corresponding  generalized  solution  u  would 
have  a  line  of  discontinuity  x  =  X(t)  with  X’(t)  <  0  starting  from  (0,0).  The 
question  is:  how  does  the  discontinuity  emerge  and  develop?  To  get  an  answer,  we  need  to 
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make  essential  use  of  the  jump  conditions  which  the  generalized  solutions  satisfy.  In 
(II#  two  jump  conditions  are  presented,  which  are 

(1.4)  a(u)  ■  0  for  u  e  I(u“,u+) 
and 

(1.5)  [sgn(u+  -  k)  -  sgn(u“  -  k)](u  -  k)vfc  <  0  for  k  e  R 


-2- 


0,  from  (1.8)  we  get 


and  hence,  noticing  that 


(3a(u)\  i 
(  3x  '  ( 


x*=X  (t) 


u0(A(t))A'(t) 


+ 


r3A(u)/ 
1  3x  1 


x-X(t) 


0  . 


*rtms  (u(t,x),X(t))  is  a  solution  of  the  free  boundary  problem  for  (1.1)  with  boundary 
conditions 


(1.9) 


u|x-A(t) 


0  , 


(1.10) 


3A(u)  | 

3x  x=X ( t ) 


uQ(X(t))A«(t)  , 


and  the  initial  condition 


(1.11)  ult=0  *  uo*x*  for  x  >  0  . 

We  will  prove  the  inverse  in  $2,  namely,  if  (u( t ,x ) ,X (t ) )  is  a 
boundary  (1.1),  (1.9),  (1.10),  (1.11),  then  we  can  immediately  obtain 
solution  of  the  initial  value  problem  (1.1),  (1.2)  with  x  =  X(t)  as 
discontinuity . 

The  rest  of  this  paper  ($3-$5)  is  devoted  to  a  detailed  study  of 
A(u)  *  0  for  u  <  0  and  A(u)  *  um  for  u  >  0  , 

(1.12) 


solution  of  the  free 
a  generalized 
the  line  of 

the  special  case: 


Uq(x)  *  a  <  0  for  x  <  0  and  uQ(x)  =  $  >  0  for  x  >  0  , 
where  ra  >  1  and  a,$  are  constants.  The  possibility,  in  this  case,  of  reducing  to  a 
problem  in  ordinary  differential  equations  simplifies  matters.  The  main  results  are 
included  in  the  theorem  in  §5. 

By  the  way,  since  the  proof  of  the  uniqueness  theorem  in  (1]  is  based  on  jump 
conditions  (for  (1.1),  they  are  (1.4),  (1.5))  and  one  of  them  is  not  true  in  general,  a 
revision  of  the  proof  is  required.  We  will  derive  the  correct  form  of  the  jump  condition 
and  complete  the  proof  of  uniqueness  in  another  paper  (2). 

The  author  would  like  to  thank  Professor  Michael  Crandall  for  several  interesting  and 
helpful  discussions  during  the  preparation  of  this  paper. 
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§2.  Generalized  Solutions  of  0.1),  (1.2) 


Suppose  A(u)  6  ( R) ,  uQ(x)  e  L  ° 

Proposition  1 .  If  (u(t ,x) ,X(t) )  is  a  solution  of  the  free  boundary  problem  (1.1), 
(1.9),  (1.10),  (1.11),  then  the  function 

f u(t,x)  for  x  >  X (t) 

W  (  t  ,  X  )  *  < 

[ Uq(x)  for  x  <  X  (t ) 

is  a  generalized  solution  of  the  initial  value  problem  (1.1),  (1.2)  with  x  =  X(t)  as  the 
line  of  discontinuity. 

By  a  solution  of  the  free  boundary  problem  (1.1),  (1.9),  (1.10),  (1.11),  we  mean  a 
pair  of  functions  (u( t ,x) ,X ( t ) ) ,  such  that 

(2.1)  u  e  l“(G)  n  c(G\{(o,0)})  n  c1,2(g),  g  *=  {(t,x)?  o  <  t  <  t,  x  >  X(t)}  , 

(2.2)  //  |*~|dtdx,  //  |t^| dtdx  <  -h»  for  any  bounded  domain  D  with  DC  5  -  {t  =*  0}  , 

D  3t  D  3X 

(2.3)  — e  C(G\{(0,0)})  , 

(2.4)  X(t)  e  c[o,t]  n  c^o,*]  , 

(2.5)  X*(t)  <  0 

and  (1.1),  (1.9),  (1.10),  (1.11)  are  satisfied.  Here  C1,2(G)  denotes  the  class  of 

functions  which  are  continuous  on  G  with  their  first  order  derivative  with  respect  to 

t  and  their  first  and  second  order  derivatives  with  respect  to  x. 

Proof .  We  need  to  check  all  of  the  conditions  in  the  definition  of  generalized 
solutions  given  in  [1]. 

Since  u  e  L*(G),  up  6  L*(R),  we  have  w  e  L°°(C)),  where  Q  «  (0,T)  *  P.  The 

assumption  Uq  €  C^fRXtO})  and  (2.2)  imply  that  w  e  BV(Q).  By  BV(Q),  we  mean  the 

class  of  integrable  functions  on  Q  of  locally  bounded  variation.  1 

To  prove  e  Lioc(P)  where  R(u)  -  /  Y(x)dx  and  Y(x)  *  a(x)1 2,  we  multiply 

X  0 
(1.1)  by  ♦u  with  $  >  0  and  $  e  Cq(Q)  and  get 


1  ltd  .  ♦atu)(^)2  -  i  li  u2  +  (*u  *021 

2  3t  V  1  2  3t  3x  3x 


\  3$  3a(u) 

1  “  3x  U  3 x 
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{(t,x)  e  Gi  X  >  X ( t >  +  t,  t  >  0}  (notice  that  u 


Integrating  this  relation  over  G£  * 
need  not  be  differentiable  up  to  L  :  x  *  X ( t ) )  yields 


m 

tJ 


♦u 


X(T)+e 


t-T 


ax  -  4  / 


$U 


(2.6) 


X(T)+€ 
T 


x*X (t  )+e 


9  2. 

dx  -  -1  I  *u2lt=Qdx  +  //  dtdx 


3xJ 


1  it  3$  2  j  (  a  3A(u)|  f(  9<t>  3a(u)  , .  , 

-  2  JJ  37  Uzdtdx  -  J  <fru  — r—  dt  -  JJ  —  u  — r—  dtdx 

2  G  3  0  3X  'x»X  (t  )+€  G  3X  3X 


Since  $lt*Q  T  *  0,  the  first  and  third  term  of  (2.6)  are  zero.  By  virtue  of  (1.9), 
(1.10),  the  second  and  sixth  term  tend  to  zero  as  e  0.  The  fifth  and  seventh  term  are 
bounded  uniformly  in  e.  Thus,  letting  £  ♦  0,  from  (2.6)  we  get 


(2.7) 


//  $a(u)(|~)  dtdx  < 


Denote 


{  y(u)  for  x  >  X(t) 

0  for  x  <  X(t) 


Then  by  (2.7),  g  e  Lioc(9)« 

« 

Clearly,  for  any  $  e  Cq(0)# 


X-X(t) |>E 


♦  ■3R^)  dtdx  -  // 


$gdtdx  ♦  JJ  4>gdtdx  as  £  ♦  0  . 

x-A(t) )>e  Q 


Integrating  by  parts  gives 


jx-A(t) 


<e 


x  3r(w)  , 

$  -  -yx~  dtdx 


,7  R(w 

x-X ( t )  | <e 


)  dtdx 


+  /  $R(w)dt  -  /  <t>R(w)dt  0  as  £  +  0 

x*A(t)+e  x»X(t)-£ 


So 
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- 

i 


A 


//  *  atdx 

5 


(' 


-X(t)  |<e 


I x— X ( t) |>e 


3R(w) 

3x 


dtdx  ♦  //  6gdtdx  . 

0 


3  R  ( v  I  o 

This  means  that  — »  g  €  Lioc(Q)* 

Now  we  prove  that  w  satisfies  the  integral  inequality 

(2.8)  J(w,k ,♦ )  -  //  sgn(w  -  k)[(w  -  k)  |i  -  3Ag">  |^]dtdx  >  0  for  k  e  R, 

0 

♦  e  CQ(C),  *  >  0  . 

Divide  J(w,k,6)  into  two  parts: 

it  36  tt  r  363a(u)36i 

J(w,k,6)  -  //  sgn(u0-k)  <uQ-k)  dtdx  +  //  sgn( u-k) [ ( u-k )  yj; - yyjdtdx 

x<X { t )  x>X(t) 

(2.9) 

-  J1 (uQ ,k,6)  +  J2(u,k#^)  . 

Obviously 


(2.10) 


X(T)  T  n  0  X* 1  ( x)  a 

J.(u  ,k,6)  *  /  Iu0  -  k|dx  /  £  dt  +  /  |uQ  -  k|dx  /  £  dt 

0  X  (T )  0 

0  «  T 

-  /  lu0  “  k|6(X  (x),x)dx  -  -  j  luQ  -  k|6lx-x  )X’(t)dt  , 
X  { T )  0 


(2.11)  J  <u,k,$)  -  lim  J2  n(u,k,6) 

*'  n+o+  9 


where 


J 


2,n 


(u,k  ,$) 


j /  sgn  <u  -  k)  [  (u 
x>X(t)  n 


sgnn(T) 


We  have 

sgnf|(u  -  k )  [  (u  -  k) 


li  _  3a(u)  36 1 
3t  3x  3x^ 


1  for  t  >  n 
~  for  | t |  <  n 
-1  for  t  <  -n  • 


-  (agn^lu  -  k)(u  -  k)*)  -  sgn^fu  -  k)  -  sgn^(u  -  k)  (u  -  k)* 


-6- 


2  2 

3  ,  ,  3 A(u)  A%  .  ,  3  A(u)  .  tW,  ir 3u> 

-  3^  («gnn(u  -  k)  — <M  +  sgn^tu  -  k)  - - —  +  scjn^i*  -  kH<u>(^J  . 

3  x 


Since  u  satisfies  (1.1)  whenever  x  >  X(t),  we  have 

J  <u,k,$)  >  //  [~  (sgn  (u  -  k)(u  -  k)$)  -  (sgn  (u  -  k)  *)]dtdx 

2,n  x>X(t)  3t  n  3X  n  »X 


-  jj  sgn'tu  -  k)  (u  -  k)$dtdx 
x>X(t)  n  3t 


T  T 

-/  sgnn(u  -  k)(u  -  k)*|x_X(t)X'(t)dt  +  /  sgi^tu  -  k)  « 1^  (t)dt 


-  //  sgn'tu  -  k)  ■—  (u  -  k)$dtdx 
x>X( t)  n  3t 


/  89"n(k>k*lx.X(t)A'<t)dt  •  ^  89nr,(k)UOlx-X(t)X'(t,dt 


-  //  sgn'tu  -  k)  (u  -  k)$dtdx  . 
x>X( t)  n  3t 


For  any  fixed  G  >  0,  since  u  €  C^(G^),  we  have 

//  sgnMu  -  k)  t~-  (u  -  k)$dtdx  ♦  0  as  h  ♦  o  . 

x>X(t)+e  n  Z 


By  (2.2), 

|//  sgn '  (u  -  k)  (u  -  k)$dtdx|  <  //  t|~^-|dtdx  ♦  0  as  t  ♦  0  . 

X ( t ) <x<X {t )+e  X  (t )  <x<X  (t  )+e 


Thus 

//  sgn'tu  -  k)  ~  (u  -  k)$dtdx  ♦0  as  n  ♦  0 
x>X( t )  n  * 


and  hence 


(2.12) 


J2,n(U'k,^)  *  [  'k,*'x-x<t)X’(t,at  -  /  8gn(k,uolx-x,t)A’(t,dt  • 


-7- 


Combining  (2.9)-(2.12)  gives 


T 

J(w,k,*)  >  /  (*|u0  -  k\  +  |k|  -  sgn(k)  •  u0 lxaX ( t ^ ' < t ><3t  *  0 


since  X'(t)  <  0.  This  proves  (2.8)  and  the  proof  of  Proposition  is  complete. 


§3.  Estimates  on  the  Similarity  Solution 

From  now  on  we  consider  the  special  case  (1.12).  In  this  case,  the  free  boundary 
problem  becomes 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


3u  32 

3t  '  . 

dX 

u^x»X (t) 

9j£| 

3x  ( t ) 

“IfO  “ 

We  seek  solutions  of  the  form 

U  »  U(£) r  C 


m 

u 

T  ' 


-  o  , 


otX  1  (t )  , 


B  . 


x 


Then  we  arrive  at  a  free  boundary  problem  for  an  ordinary  differential  equation,  namely 


(umT 


-i** 


0  , 


Let 

(3.6) 

The  problem  for  v(5)  is 


(um)i 


,  2.  r 

«0  2  °  ' 
Ir  —  *  B  • 


(3.7) 

(3.8) 


C  „m 

2m 


i-, 


v’  , 


V'«„  '  °  ’ 
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(3.9) 


V,,E-C0  ’!  5o  ' 


1  2 

We  seek  solutions  v  e  C  C£q»®)  n  C  (5Q,*),  which  are  positive  for  £  >  £Q.  We  will 
first  solve  (3.7),  (3.8),  (3.9)  for  any  fixed  <  0  and  then  choose  £q  such  that  the 
solution  satisfies  (3.10)  as  well. 

Integrating  (3.7)  and  using  (3.8),  (3.9)  we  get 


-  C  £  -1 

v*(C)  “  exp(-  —  /  TV  (T)dx)  , 

*0 

“5.  5  .  T  1  -1 

v(C)  *  — —  /  exp(“  —  /  sv  (s)ds)dt 

2  2m 

^0  *0 


If  we  write  (3.7)  as 


|  (v“)  -  -  \  (Cv-)  +  {  v“  , 


Integrate  and  use  (3.8),  (3.9),  then  we  get 


a  £  -1  £  - 

v*  (5 )  *  j  Cvm(C )  +  ^  /  vm(x  )dt  , 

1  5  1 

i)  -  -f-  (5  -  F  )  +  4  /  (C  -  2T)vra(T)dT 


In  order  to  solve  (3.7),  (3.8),  (3.9),  it  suffices  to  solve  the  integral  equation 
(3.12)  or  (3.14)  -  to  find  a  solution  v  e  C[Eq,®)  which  is  positive  for  K  >  We 

remark  that  the  integrand  in  (3.14)  is  not  singular  at  v  =  0  in  contrast  to  (3.12). 

Before  we  discuss  the  solvability  of  (3.7),  (3.8),  (3.9),  we  first  derive  some 
estimates  on  the  solutions. 

From  (3.11)  we  see  that  v*  is  strictly  increasing  for  <  £  <  0.  In  particular, 

aCo 

v*  >  — —  for  <  £  <  0  and  hence 


(3.15) 


v<0  >  —  (C  -  ^Q)  for  tQ  <  i  <  0  . 


Using  (3.11),  (3.15)  we  further  obtain 


r  r  r  -  *t  1 

ar  £  a£  m  -  -1 

V(C)  <  —  «p(-  lj  /  x(— )  (t  -  iQ)m  ar] 

°, 

-V"  < 


- 1  2 

m  “• 


*  ~  exp[j  (3^L)  | ^ 0 1"*]  for  C„  <  «  <  0  . 


v'  <C>  <  — —  for  <  5  <  0  , 


- 1  2 

m  — 


R-«xp[I(i|i)  U.l*]  . 


v(S)  <  -J—  (t  -  £0)  for  t0  <  t  <  o  . 


Combining  (3.18)  with  (3,15)  gives 


a5o  .  “*0 

(3.19)  —  (S  -  t0>  <  V(0  <  -J—  a  -  Cfl)  for  C0  <  e  <  0 


Next  we  prove  that 


v  ( £  )  <  aM£  , 


whenever  v(£)  exists.  Here  M  is  a  constant  such  that 


R|r  |  1  mzl  ™zl  m  iSll 

_ 0  r  2 ,  .  2m  ,  ,  2m  /  2  \  2m  M 

— - —  ♦  [ton  ja)  \t  I  J  exp(-n  )dh)M  <  - 
2  0  o  2 


Let  b®  the  maximal  existence  interval  of  v(£).  If  K  ^  <  0,  then  (3.18) 

Implies  (3.20).  Suppose  >  0  and  there  exists  £2  >  ^2  <  ^1  *uc^  that 


(3.22) 


v(£)  <  aM^0  for  0  <  £  <  £ 2  and  v($2)  -  aM£Q  . 
Then,  we  divide  the  right  hand  side  of  (3.12)  into  two  parts: 


at  0  *  r  -  -1  c*  5  i  T  -  -1 

v(S)  *  —5—  /  exp(-  —  /  sv®  ( s }ds)dT  +  /  exp(-  —  /  evm  (s)ds)dT 


2m 


*  Il  +  I2 

and  estimate  each  of  them.  Using  (3.15)  we  get 


“eD  0  ,  T  -  -1  RlSJ 

I,  »  -y  /  exp(-  ^  /  8v  (s)da)dr  <  o50  — 3— 

50  eo 


Using  (3.15)  and  the  first  part  of  (3.22)  we  get  for  0  <  5  <  £2# 


aC  C  .  t  ^  -1 

I2  -  — •  J  exp(-  —  /  sv  (s)ds)dT 

2  0 

«{.  5  ,  0  -  -1  T  i  -1 

*  /  exp(-  —  /  svW  (s)ds)exp(-  —  /  sv  (s)ds)dr 

2  0  **  $  2m  0 


m  1  -  ^  t  -  -1 

<  ~  exp[l  ISnlB]  /  exp("  4r  J  svin  <s)ds)dr 


2m 


1-1 


<  —5-  R  /  exp(-  /  s(aMeo)m  ds)dt 


1-1 


—  R  /  expf-  t“M50)m  T2]dT 


“Sn  Y?  -1-1-1 

~  RY  /  exp<-s2>ds  (Y  -  (o.MC0)m  ]2) 
0 


1  m-1  m- 1  m- 1 

<  a£  (Rn2|a|2m  |£  I2™  /  exp(-s2)ds  •  M2m  ) 


Hence,  by  the  choice  of  M  (see  (3.21)) 
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§4.  Existence  for  (3.7),  (3.8),  (3.9) 


Now  we  prove 

Proportion  2.  The  problem  (3.7),  (3.8),  (3,9)  has  a  solution 
v  6  C1^  .->  n  c2(^o'")  an<5  v<^  >  0  for  C  >  Solutions  of  (3.7),  (3.8),  (3.9) 

unique  and  depend  continuously  on  <  0  and  a  <  0. 

Proof.  First  we  prove  the  existence.  By  virtue  of  (3.20),  (3.16)  and  (3.23),  it 
suffices  to  prove  that  (3.7),  (3.8),  (3.9)  has  a  solution  on  Cq  <  £  <  0  which  is 
positive  except  at  C  * 

Denote  by  M  the  class  of  functions  v  e  C Q , 0)  such  that 

0  <  v(£ )  <  N  for  £  >  £q 
where  N  is  a  constant  satisfying 

\  (l«l  +  3N*)|C0|2  <  N  . 

Clearly,  M  is  a  closed  convex  subset  of  C[Cq,0J. 

Consider  the  operator 

a£  .  S  * 

w  -  Tv  -  — ^  -  £  )  +  i  “  2T)vm(Z)dT  . 

2  0  2  ► 

For  any  v  e  M,  w  «  Tv  e  C[^,0]  and  w  -  Tv  >  0  except  at  K  -  Moreover 

w  <  -IfL  I50l2  +  |  K0I2n“  <  n  . 

So  w  e  M.  It  is  easy  to  see  that  TM  is  compact  and  T  is  continuous  on  M.  Thus, 
Schauder's  fixed  point  theorem  gives  the  existence  of  solutions  to  (3.14)  and  hence  to 
(3.7),  (3.8),  (3.9). 

To  prove  the  uniqueness  of  solutions,  let  Vvv2  ke  two  8°lut^on®  (3*7),  (3.8 
(3.9).  It  suffices  to  prove  that  v  -  v1  -  v2  “  0  in  a  neighborhood  of  SQ,  say 
C0  <  C  +  5  with  6  >  0  small. 


are 
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From  (3.14)  we  have 


V(5)  -  J  /  (t  -  2T)(v“(T)  -  v"(T))dr 


2/  <C  -  2T)  .  1 
2<o 


(T)v(t)dT 


where  v(T)  la  a  certain  point  between  v^(t)  and  V2(i)  and  hence  from  (3.15) 


v(t )  >  (r  -  CQ)  . 


£  a£  -  -1 

|vU>|  <  |  ic0l  /  ;  (-J2)  <*-«„>"  lv<T,l'*T 

5o 


-  -1  It 


<0^0* 


|v(e)|  for  5n  <  C  «  ?o  ♦  *  • 


It  is  impoeeible  for  5  small  enough,  unless  v  5  0  on  £©  <  5  *  £©  ♦  5 • 

Finally,  we  prove  the  continuous  dependence  of  solutions  upon  <  0,  and  a  <  0. 

Denote  by  v(£;£q,cO  the  solution  of  (3.7),  (3.8),  (3.9).  Let  £^<0,  a<0  be  fixed 
What  we  want  to  prove  is  that  for  any  £^  >  ^0  an<*  e  >  there  exists  a  constant 
6  >  0  such  that 

IvUfS^a*)  -  v<£;S0,a)|  <  c,  IvMCiCjfOM  -  v*<C^0,a0)|  <  * 

whenever  |£J  -  Z.Q\  <  «,  !«•  -  a|  <  6  and  max(££,£Q)  <  £  <  £r 

.  ^  r(n)  (n)c(n) 

Suppose  it  is  not  the  case.  Then  there  exists  eQ  >  0  and  #a  *  *uch 

that  €gn)  ♦  E0,  atn)  ♦<*(«♦  •>»  i»ax(E^n)  ,C0)  <  S<n>  <  5^  »n<> 

Iv(e(n),^n).a(n))  -  v(E(n),C0,o0)|  >  c  or  |v*  (C <n’  ,C  >  -  V  IK  M  ,E  I  >  * 

Suppose,  for  example,  the  case  is  the  former: 

(4.1)  lv(C(n)l^n).o<n))  -  v(F.(n),50,a)|  >  c  . 
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We  have 


(4.2) 


a  ( n )  jr  ( n )  2  £  1 

r(n)  _  <  n )  k  ’0  1  P  miP  r(n)  _(n)t  .  1  {  m,_  P(n)  (n)ia_ 

V(t»e0  ,a  ) - - - 2  *v  (t,t0  'a  ,  +  2|(n)V(TK0  <a  )dT 

F>o 

(n)c (n) 


, r  r (n)  ( n ) 

v(Uf,0  ) 


1 


0  it  r (n ) v  .If  /r  »  .  m  (n)  (nT 
-  (S  -  )  ♦  T  J  ,  ,  <S  “  2t)v  ,a  Mt 


2  J  (n) 
0 


From  (3.20),  (3.16),  (3.23)  we  see  that  v(£/£g,a*)  and  vMSiSgiC*')  are  bounded 

uniformly  In  (C*,®1)  in  a  small  neighborhood  of  (£g,a)  and  hence  from  (4.2),  it  is 

easy  to  see  that  {v(C  ))  and  (v*  (C  ^  ,a ^ n  ^))  are  equicont inuous .  Thus 

{ v(C  n ^  ) )  and  have  subsequences  converging  uniformly. 

Suppose  they  are  {v(£*Cgn^ ,a*n^ )}  and  (v' (£  *  ,o/n  ^  )}  themselves  and 

(4.3)  liin  v(C(e‘n),a(n))  -  w(5),  li«  V*  <C  »t  *n  *  ,a(n) )  -  w(C  )  • 

n-M*  n+~ 


From  (4.2),  (4.3)  we  get 


w(£ ) 


2 


2 

-  j  £w"(0 


2 

wm(T  )dT 


W(5)  -  (C  -  C0)  ♦  1  /  (5  -  2t)w,"(t)<it 

eo 

whence  w(£)  is  a  solution  of  (3.7)-(3.9)  and  w(S)  *  w’(£).  By  uniqueness, 
w(£)  =  v((^0,a). 

On  the  other  hand,  we  may  suppose  that  converges: 

it™  t<n>  -  x  . 


n— 


Letting  n  ♦  •  in  (4.1),  from  the  uniform  convergence  we  get 

|w(? )  -  v(C iSQ,a) |  >  e  . 

The  contradiction  means  that  what  we  want  to  prove  is  true.  The  proof  of  Proposition  2  is 
complete. 
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Reaark.  So  far  we  hava  proved  that  for  any  <  0  and  a  <  0,  thara  exists  a 
function  v  «  C2<^0^)  with  v(£)  >  0  for  K  >  satisfying  (3.7),  (3.8), 

(3.9).  Since  v(0  is  bounded  and  increasing  li»  v(£)  exists  and  Is  positive.  Let 


$Q  -  lim  v(t)  , 


2 

Than  It  is  clear  that  u(~~j)  and  CQt2  satisfy  (2.1)-(2.5)  and  hence,  by  Proposition 


for  *  >  *0* 


o  for  x  <  £gt 


is  a  generalized  solution  of  the  initial  value  problem 


3u  a*A(u) 
8t’  8x2  ' 


■  t*0 


for  x  >  0 


a  for  x  <  0  , 

where  A( u)  *  max( |u|n"^u#0) .  The  fact  that  this  generalized  solution  w  has  a  line  of 


discontinuity  x  -  £Qt  shows*  in  particular,  that  (1.6)  is  incorrect. 
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$5,  Existence  and  Uniqueness  for  the  Free  Boundary  Problem 

Now  we  return  to  the  free  boundary  problem  (3.7)-(3.10)  and  state  our  main  results  in 
the  following: 

Theorem.  The  free  boundary  problem  (3.7)-(3.10)  has  a  unique  solution  (v(C)/£q) 

1  2 

with  <  0  and  v(£)  e  C  fCg,®)  O  C  (Cg,0*).  Moreover,  if  we  denote  (v(£),£q)  by 

( v(£ )  to  express  explicitly  the  dependence  on  a  and  0,  then  v(£*a,0) 
and  -£Q(a,0)  are  strictly  decreasing  in  a  and  strictly  increasing  in  0. 

Proof .  Denote  by  v(£;5q)  the  solution  of  (3-7)— (3*9)  for  the  moment.  For  any 
£q  <  o,  the  limit 

lint  v(£  ;£Q  )  -  y  (£Q ) 


exists.  Let 


E  -  {50  <  0|  r(50)  <  8m>  • 

From  (3.20),  (3.21),  it  is  clear  that  E  is  nonempty.  Let 

-  inf  E  . 


We  want  to  prove 
(5.1) 


llm  vfC  »ro)  -  Y(f0)  -  8m  . 

€*• 


Suppose  Y(?q)  *  8m.  Denote 


(5.2) 


«  -  lY(f0)  -  8m| 


From  (3.21),  (3.23),  it  is  clear  that  we  can  choose  positive  constants  c1  and  c^  such 
that 


(5.3) 


0  <  v*(C»(C0)  <  ctexp(-c2CZ)  for  £  >  0 


*0  *o, 

for  e  [— j-,  —  ]•  Choose  such  that 


(5.4) 


c.  /  exp(-c  £  )d£  <  ~ 

F-i 
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Py  the  continuous  dependence  of  solutions  of  (3. 7)- (3.9)  upon  there  exists 

*1  6  (0,  |Cg|/2)  such  that 

(5.5)  lv(VV  '  V(WI  <  ? 
whenever  Z  e  -  n,£0  *  n). 

Now  for  Cq  6  (SQ  -  n,fQ  +  nj,  integrating  (5.3)  over  (Zy,m)  and  using  (5.4)  we 

get 

0  <  Y«0)  -  »«,!*„>  <  i  » 

in  particular, 

0  <  Y(f0)  -  vU,!^)  <  |  . 

Hence 

Iy(E0>  -  V  (C 0»  I  <  I v(^  n /C0)  -  v(C,»C0)|  ♦  | 

and  by  (5.5) 

(5.6)  |y(50)  -  X(f0)|  <  i  . 

If  Y(fQ)  *  -  6,  then  (5,2)  and  (5.6)  imply 

Y(EQ>  <  B"  -  | 

for  Sq  e  •  n,CQ  +  •  This  means  that  (CQ  "  n,fQ  ♦  n]  C  E,  which  contradicts  the 

definition  of 

If  Y (?Q )  -  0B  t  6,  then  (5.2)  and  (5.6)  imply 

YU„)  >  Bm  ♦  | 

for  C  **  n,f0  +  n)#  This  means  that  no  point  on  (Cg  *  n,C0  +  n  ^  is  in  E,  which 
also  contradicts  the  definition  of 

Therefore  (5.1)  holds  and  the  existence  is  proved. 

Now  we  prove  the  uniqueness.  Suppose  (3.7)-(3.10)  has  two  solutions  (v^(€),€q  ^ ) 
and  (v^K),^  2)  and  ^0  1  *  ^0  2*  *If  ^01  “^02  then'  bV  Proposition  2, 
v^(C)  ?  v2(C)).  Then  from  the  relation 

Z  -  -1 

(5.7)  v‘ (E)  -  V  (nQ)exp(-  /  tv"  <T)dT)  , 
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which  holds  for  any  solution  v(C)  of  (3.7),  it  is  easily  seen  that  the  curves 


v  ■  v^C)  and  v  -  v2(S)  cannot  intersect  at  any  point  *no'vO*  with  nQ  >  0.  In  fact 
if 

W  *  V2(no)  *  v0  ' 

then  we  must  have 

v;<V  *  v2<V  ’ 

otherwise  the  standard  uniqueness  theorem  would  imply  that  v^CC)  =  v2(£).  Suppose 

V1  (rV  >  v2(V  ' 

Then  we  have,  in  a  right  neighborhood  of  nQ, 

(5.8)  >  v2(0  . 

Note  that  (5.7)  implies 

(5.9)  v'(C)  >  v2  (C  ) 

whenever  (5.8)  holds.  Thus  (5.9)  would  be  true  for  all  £  >  nQ  and  hence 

lim  v^S)  >  lim  v2(0  , 


which  is  impossible. 

In  addition,  a  similar  argument  shows  that  if,  for  example, 

( 5. 10)  v1 (0)  >  v2(0)  , 
then 

(5.11)  v}(0)  <  v$(0)  . 

Let  C(v)  be  the  inverse  function  of  v{£),  v(C)  being  a  solution  of  (3. 7)- (3. 10) 
which  is  positive  except  at  £  ■  Then  from  (3.7)-(3.9),  we  obtain 


If  wa  denote  the  inverse  functions  of  v^(£)  and  v^tt)  by  S^(v)  and  than 

fro*  (5.10)  we  can  assart  that 


(5.15)  . 

0,1 

otherwise  thara  exists  vQ,  0  <  vQ  <  v2(0) 
^(v)  >  C2(v)  for  0  < 


such  that 
V  <  v0,  C,(v0) 


and  hence,  noticing  that 


l\{0) 


t'2<0) 


W 


we  may  conclude  that  £(v)  *  C^tv)  -  ^(v)  achieves  its  maximum  at  a  certain  point  in 
(0,vQ)  where 

K  >  o,  V  -  o,  *•  <  o  . 

On  the  other  hand,  from  (5.12) 


, 


5’:’,,li*Ws»:Vr«2’ 


-  -1  -  -1 

■ k *  «;  v>0* 

since  ?•  >  0,  *  >  0,  C*  -  0.  The  contradiction  proves  (5.15). 

By  the  way,  what  wa  have  just  proved  is  that  the  curves  v  »  v^(£)  and  v  *  v^(£) 
cannot  intersect  at  a  point  in  the  halfplana  K  <  0. 

Now  we  consider  the  function  £(v)  *■  £^(v)  -  C2(v)  again  on  the  interval  [0,v2(0)). 

Wa  have 


$;<0>  <  £’(0) 


and  from  (5.10),  (5.11) 

Ci<vJ0)>  >  5'(v A0)) 


•1  2 


'v'r 


v'(0)  v'(0)  ’2'  2 


5i(v,(0))  . 
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Therefore  the  function  £(v)  *  ^(v)  -  62(v)  on  [0,v2<0)J  would  achieve  its  minimum  at 
some  point  in  (0,v2(0)),  which  is  impossible.  This  completes  the  proof  of  uniqueness. 
The  rest  of  the  theorem  can  be  proved  by  a  similar  argument. 
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